Both resolution and accuracy of the reconstructed bathymetry can be further improved if the free surface data is captured at a higher resolution. We expect that our reconstruction technique, in conjunction with ship echo-sounding, will be able to provide a high resolution and accurate global bathymetry map in near future. 
Introduction
The ocean floor displays diverse geological features, such as seamounts, plateaus and other structures associated with intraplate volcanism (Smith and Sandwell 1997; Wessel 1997) , subduction zones that can generate earthquakes and tsunamis (Mofjeld et al. 2004) , as well as regions rich in oil and gas (Fairhead et al. 2001) . Detailed knowledge of ocean bathymetry is essential for understanding ocean circulation and mixing, which in turn moderates the earth's climate (Munk and Wunsch 1998) . Seafloor topography influences the upwelling of nutrient rich water, which strongly affects marine biology (Ryan et al. 2009; Becker et al. 2009 ). Detailed bathymetric information is also important for submarine navigation, coastal resource management, placement of offshore platforms and pipelines, and management of marine fisheries (Ryan et al. 2009 ).
Bathymetry mapping is arguably one of the most important and challenging problems in oceanography (Nicholls and Taber 2009) . Usually, ships equipped with echo sounders are deployed for the acquisition of high-resolution seafloor map. This process is difficult, expensive, and slow. It may cost billions of dollars, and respectively take 120 and 750 ship-years of survey time for mapping the deep and shallow oceans (Becker et al. 2009 ). Even after five decades of ship-based surveying, 90% (at 1 minute resolution) of the global seafloor is still unexplored.
While ship echo-sounding directly maps the ocean floor, satellite altimetry provides an indirect approach to bathymetry reconstruction. It has the potential to produce a uniform, time efficient and cost effective global seafloor map. However the only available altimetry based bathymetry reconstruction technique, the "altimetric bathymetry" (hereafter 'AB'), provides lower resolution and accuracy than ship-based mapping (Becker et al. 2009; Smith and Sandwell 2004) . The underlying principle of AB is the following: seamounts add extra pull to the earth's gravitational field and therefore draws more seawater around them, which leads to a small outward bulge of the marine geoid (slope of O(1 − 100 mm km −1 )) (Smith and Sandwell 2004) . The seafloor can thus be reconstructed by analysing such minute dips and bulges of the geoid profile. This principle is expected to work in the ∼ 15 -160 km wavelength band where marine gravity anomaly and seafloor topography are highly correlated (Smith and Sandwell 1994) . Various factors, however, limit gravity topography correlation (Smith and Sandwell 2004 ). Significant differences between AB and ship-based measurements are observed in many regions in the global ocean-floor, see Fig. 10 of (Smith and Sandwell 2004) . Quoting Smith et al. (2005) "It seems then that altimetricallyestimated bathymetry performs worst where it is needed most: in areas of rugged topography . . .".
AB has even missed out large amplitude features, for example, the 3900 m deep fracture zone in the Mid-Atlantic Ridge (Gille et al. 2004) . Currently, the primary role of AB in the construction of high resolution global bathymetry maps is to 'fill in the gaps' (sometimes as large as 10 5 km 2 ) of the sparse ship-based surveys.
Here we propose a new inversion technique that reconstructs bottom topography with a uniform resolution and reasonably high accuracy from the free surface elevation and velocity field. Since ocean surface field can be obtained from satellite altimetry, our proposed technique can be directly implemented to reconstruct ocean bathymetry. Consideration of oceanic fluid dynamics is central to our reconstruction strategy, making it starkly different from AB, which completely ignores dynamical effects.
Methods
Large scale oceanic flows are in geostrophic and hydrostatic balance, which cause the free surface to tilt permanently (Vallis 2017) . Semi-permanent free surface tilts are also produced by windstress and flow over topography, an example of the latter is the surface dip above the Charleston bump -a seamount located off the South Carolina coast (Xie et al. 2007) . Here the underlying principle can be explained using the theory of open-channel hydraulics; see Fig. 1(a) . Oceanic circulation is strongly affected by its geometric shallowness. This significantly simplifies the governing equations of motion (vertical dynamics become negligible in comparison to the horizontal), yielding the celebrated shallow water equations (SWEs) (Vallis 2017) , which form the basis of open-channel hydraulics.
In presence of planetary rotation and wind-stress, and absence of viscous forces, the twodimensional (2D) SWEs in Cartesian coordinates are given by
Here h(x, y,t) is the water depth, u(x, y,t) and v(x, y,t) are respectively the x (zonal) and y (meridional) components of the horizontal velocity, f is the Coriolis frequency ( f ≡ 2Ω sin θ , where Ω = 7.2921 × 10 −5 s −1 is Earth's rotation rate and θ is the latitude of interest), g = 9.81 ms −2 is the acceleration due to gravity, ρ w is the density of the water (998.2 kgm −3 ),
is the wind-stress (following Gill (1982) , where ρ a = 1.2 kg/m 3 is the density of air, C d is the drag coefficient and u a is the wind velocity), and η(x, y,t) = h(x, y,t) + b(x, y) − H is the free surface elevation, H and b respectively being the mean depth and the bottom topography; see Fig. 1(b) .
When the wind speed is low, wind-stress has a small effect on the free surface shape, hence we can simplify the wind-stress terms τ x /(ρ w h) and τ y /(ρ w h) in (2)-(3) by approximating h by H (the error produced by this approximation is negligible if b/H is small, which holds reasonably well for oceans).
For a steady, one-dimensional (1D) flow in the absence of rotation and wind-stress, the SWEs under linearization about the base velocity U and the base height H yield (Whitehead 1998; Henderson 1996; Chaudhry 2007 ) Fourier transform of (5) relates the amplitude of the free surface dip,η, to the topography amplitude,b:η
where k denotes the wavenumber and 'hat' denotes the transformed variable (signifying the amplitude corresponding to k). Since in oceans Fr ∼ 0.01 -0.001, the free surface imprint of a topography withb = 100 m will be ∼ 10 − 0.1 mm. Modern altimeters have the ability to largely detect such small amplitude free surface anomalies.
Based on the fundamental theory of open-channel hydraulics we make two crucial observations:
(i) whenever there is a quasi-steady open flow over a topography, the shape of the latter gets imprinted on the free surface, and (ii) the imprint is quasi-permanent, and can therefore be inverted to reconstruct the bottom topography.
In an idealized, steady 1D flow, the bottom topography can be successfully reconstructed from the free surface elevation using (6). In a real ocean scenario, the free surface elevation contains transient features like surface waves along with the following quasi-permanent features: (i) the tilt due to the geostrophic flow, η g , (ii) topography's free surface imprint, η b , and (iii) the wind-stress induced tilt, η s . Time averaging removes the transient features, hence the free surface elevation can be simply expressed as
where the angle brackets denote time averaging. If the geostrophic velocity field u g is known, η g can be computed as follows:
wherek is the unit-vector in the vertical direction. Similarly, η s can be evaluated from the windstress field using
Both η g and η s have to be removed from the free surface elevation so that the only free surface feature left is η b .
Time averaging of the shallow water mass conservation equation, i.e. (1), and removal of η s and η g from the free surface elevation yields
The above equation can be solved iteratively using finite difference method to reconstruct the bottom topography b nearly entirely from the free surface data (u, v and η b ). However H is not a surface variable, but is known a-priori from the coarse-resolution data. Since the free surface velocities and elevation can be obtained from satellite altimetry data, (10) can be directly used to reconstruct ocean bathymetry.
Results

a. Bathymetry reconstruction of a toy ocean
First we consider a simplified toy ocean model that is governed by the 2D SWEs with planetary rotation and wind-stress included, i.e. (1)- (3). The mean topography is a flat horizontal surface on which Gaussian mountains and valleys of random amplitudes are added. The initial velocity field is under geostrophic and hydrostatic balance. We prescribe the initial height field as
where the mean depth H = 4 km, and the geostrophic tilt is
L x and L y respectively being the streamwise and spanwise extents. The corresponding geostrophic velocity scale yields Fr = 0.001, consistent with realistic parameters. The wind-stress (m/s 2 ) is prescribed as
For numerical computation, a doubly-periodic horizontal domain of L x × L y = 10 5 m ×10 5 m is assumed. The grid-size is 10 3 m in both x and y directions, and time-step size is 1 s. The numerical model uses second order central differencing for spatial and fourth order Runge-Kutta for temporal discretization, and is integrated for 10 days, by which a quasi-steady state is reached.
On time-averaging the free surface elevation using (7), we obtain the quasi-stationary features.
The geostrophy induced tilt η g is removed using (8). The remaining feature, shown in Fig. 2(a) , contains both bathymetry induced tilt η b and wind-stress induced tilt η s . We evaluate η s using (9) (shown in Fig. 2(b) ) and then subtract it from the free surface elevation, yielding η b (see Fig.   2 (c)). This η b , also shown in Fig. 3 (a) (in Fig. 3(b) , it is shown as 'SF' in the Fourier space), is inverted to reconstruct the bottom topography using (10). The comparison between the actual and the reconstructed topography is shown in Figs. 3(c)-3(d), the L 2 -norm error is found to be 0.35%.
The problem can also be formally approached by performing Fourier-transform on the free surface anomaly data to obtain the wavenumber (k) -frequency (ω) spectrum (k = √ k 2 + l 2 is the magnitude of the horizontal wavenumber vector (k, l)), see Fig. 3(b) . The spectrum shows both positively and negatively traveling Poincaré waves (indicated by 'PW'), whose dispersion relation is
The stationary feature or 'SF', located along ω ≈ 0, has the highest magnitude. Inverse Fourier transform of SF yields η , and thus η b , from which the bottom topography can be reconstructed using (10).
b. Bathymetry reconstruction of a semi-realistic ocean using MITgcm
Based on the fundamental understanding of the 2D shallow water system, we have pursued bathymetry reconstruction of a more complicated, semi-realistic system. To this effect we solve the 3D Navier-Stokes equations along with the evolution equations of temperature and salinity using the Massachusetts Institute of Technology general circulation model (MITgcm). The lat-
ter is an open-source code that solves the following non-linear, non-hydrostatic, primitive equations (under Boussinesq approximation) in spherical coordinate system using the finite volume method :
Here D/Dt ≡ ∂ /∂t + u · ∇ represents the material derivative and u ≡ (u r , u θ , u φ ) is the velocity vector (the respective components being radial, meridional and zonal). The unit vector in the radial direction is denoted by r. The quantities ρ w , T and S respectively represent reference density, potential temperature and salinity; F represents the viscous force term and Q denotes the diffusion of temperature (by subscript 'T ') and salinity (by subscript 'S').
We intend to simulate the Mediterranean sea, the horizontal domain extent of which is 8°W -36°E in longitude and 30.5°N -46°N in latitude. We consider a grid resolution of ∼ 0.1°× 0.1°, which results in 435 × 140 grid points. In the vertical (radial) direction we consider 60 nonuniformly spaced grid points, which varies from 1 m at the free surface to a maximum value of 200 m in the deeper regions. The horizontal viscosity and diffusivity terms are modeled using biharmonic formulation with 1.5 × 10 10 m 4 /s as both viscosity and diffusivity coefficients (Calafat et al. 2012 ). The vertical eddy-diffusivity for temperature and salinity are considered to be 10 −5 m 2 s −1 (Wunsch and Ferrari 2004) . The vertical viscosity coefficient is assumed to be 1.5 × 10 −4 m 2 s −1 (Calafat et al. 2012) . The lateral and bottom boundaries satisfy no-slip and impenetrability
conditions. The numerical model incorporates implicit free surface with partial-step topography formulation ).
The bottom topography of the Mediterranean sea (see Fig. 4(a) ) is taken from GEBCO's gridded bathymetric datasets (Weatherall et al. 2015) . The currently available resolution, based on shipbased survey and satellite altimetry combined, is 30 arc-seconds. For our numerical simulation purposes, the topography data has been interpolated to our grid resolution.
The numerical model has been initialized with 3D temperature, salinity, horizontal velocity (both zonal and meridional components), and free surface elevation data from NEMO-MED reanalysis data obtained from Copernicus Marine Service Products (von Schuckmann et al. 2016 ).
The input variables, taken on 12 th December 2017, are time-averaged (over that given day), and then interpolated to the grid resolution. The wind-stress is obtained from the 6-hour European
Centre for Medium-Range Weather Forecasts (ECMWF) ERA-Interim re-analysis wind velocity data (u a ) at 10 m above the sea level (Dee et al. 2011 ). The wind-stress is calculated using (4), in which the drag coefficient, C d , is calculated for every 6 hours as a function of wind velocities and temperature differences between air (T a ) and sea surface (T s ) using the following polynomial formula (Hellerman and Rosenstein 1983) :
Here α with subscripts 1, 2, ...6 are constants, the values of which are taken from Hellerman and Rosenstein (1983, Eq. (11) ). These data have been taken on the same date as the initialization data for the numerical model from Copernicus Marine Service Products (12 th December 2017).
T a is taken at 2 m above the sea level, and is obtained from the ECMWF ERA-Interim re-analysis data on the same date. Likewise, T s is obtained from NEMO-MED reanalysis data of Copernicus Marine Service Products.
The model has been integrated for 30 days with a constant time-step of 100 s so as to reach a quasi-steady state. For computational efficiency, the parallel algorithm of the code has been exploited. The computation has been performed with a 4-core Intel ® Xeon processor, the computational time being ≈ 120 CPU-hours.
For calculating η g first the free surface velocity over the last 7-days of the simulation are taken and subsequently time-averaged, yielding the geostrophic velocity. At boundaries we set η g = 0 and solve (8) iteratively. For bathymetry reconstruction we solve the spherical coordinate version of (10), where the free surface elevation and velocity field are 3-day time-averaged (longer time average will render them geostrophic). For H we have taken a resolution of ∼ 0.5°in both latitude and longitude directions so as to mimic the large scale topographic structure. The reconstructed bottom topography, shown in Fig. 4(b) , is ≈ 98.3% accurate.
We emphasize here that the spherical coordinate version of (10), used for bathymetry reconstruction, is a diagnostic equation since we have not imposed shallow water approximation anywhere in MITgcm. Hence the large-scale 2D flow is primarily important for bathymetry reconstruction, additional effects of density stratification and three-dimensionality are insignificant.
c. Bathymetry reconstruction of real oceans
Finally we attempt to reconstruct ocean bathymetry completely from observation data. We have first chosen the Red sea in this regard, the necessary data for which is obtained from HYCOM (Hybrid Coordinates Ocean Model) based NOAA Global forecast system (Chassignet et al. 2007 ).
It provides 3-hourly global ocean data with a horizontal resolution of 1/12°for 40 vertical depth levels. HYCOM assimilates real-time satellite (Envisat, GFO and Jason-1) data, in-situ measurements of sea surface height, sea surface temperature, 3D temperature and salinity fields (Argo, CTDs and moorings), as well as Geostationary Operational Environmental Satellite (GEOS) data (Chassignet et al. 2009 ). Furthermore, the model uses ETOPO5 topography data of 1/12°reso-lution (NOAA 1988). We have taken 5 datasets of 2017, each of 7-day length: 5 th − 11 th March, 12 th − 18 th April, 8 th − 14 th May, 15 th − 21 st June and 9 th − 15 th July. Corresponding to each dataset, first the geostrophic velocity is calculated by performing a 7-day time-average (Dobslaw et al. 2004) . Wind-stress is calculated from the wind velocity data following the same procedure outlined in section 3b, after which wind-stress induced and geostrophy-induced tilts are removed.
In reality wind-stress can occasionally become large (e.g. storm events), making our wind-stress induced tilt calculation invalid. For this reason the datasets are selected such that low wind velocity is ensured. Finally the bathymetry is reconstructed using the spherical coordinate version of (10) 
Discussion and Conclusions
Satellite based bathymetry reconstruction is perhaps the only possible way to achieve a globally uniform resolution bathymetry map within reasonable time and cost. Before this work, the only known satellite based reconstruction technique was altimetric bathymetry, the accuracy of which is not very satisfactory.
We have shown that for shallow, free surface flows, the geometric information of the underlying topography remains embedded in the free surface. Based on the shallow water mass conservation equation we have proposed a simple inversion technique that successfully reconstructs the bottom topography from the free surface elevation and velocity field. This technique has been applied to reconstruct real ocean bathymetries with uniform resolution and approximately 90% accuracy (for 1/12°resolution), the free surface field in this case is obtained from satellite altimetry data.
Since our technique is not based on gravity anomaly, it can easily resolve long wavelengths (> 160 km), which is not possible in altimetric bathymetry due to isostatic compensation. In conjunction with ship echo-soundings, our reconstruction technique can provide a highly accurate global bathymetry map in the future. Our technique will be specifically useful in obtaining accurate bathymetry maps of the shallow coastal regions, where the estimated reconstruction time by shipbased surveying is 750 ship-years. Additionally, our technique can be applied to reconstruct the bathymetry of numerous remote and virtually uncharted regions, especially those in the Antarctic and the Arctic. Moreover, the procedure being quite general, it can be applied to reveal the surface of planets covered with thin, opaque atmosphere. 
